In this paper we study smooth projective varieties and polarized pairs with an action of a one dimensional complex torus. As a main tool, we define birational geometric counterparts of these actions, that, under certain assumptions, encode the information necessary to reconstruct them. In particular, we consider some cases of actions of low complexity -measured in terms of two invariants of the action, called bandwidth and bordism rank-and discuss how they are determined by well known birational transformations, namely Atiyah flips and Cremona transformations.
1. Introduction 1.1. Background. Let X be a complex variety with an algebraic action of a one dimensional complex torus C * . It is a classical problem in Mumford's Geometric Invariant Theory to determine subsets of X on which there exists a good quotient of the action, see e.g. [5] . Upon the choice of such subsets one obtains different quotients which are birationally equivalent varieties, leading to the natural question of relating Birational Geometry of quotients with the original C * -action. This
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The present paper goes in the opposite direction. Here the link to Birational Geometry is used to understand varieties with a C * -action.
1.2. Contents of the paper. Let X be a smooth complex projective variety with a nontrivial algebraic action of a complex torus H = C * with coordinate t ∈ C * . We choose an ample bundle L over X and consider a linearization of the action of H on the pair (X, L). By the source and the sink of the action we understand the unique fixed point components Y + , Y − ∈ X H such that for a generic point x ∈ X we have lim t→0 t ±1 · x ∈ Y ± , respectively. The bandwidth of the action of H on (X, L) is a non-negative integer which measures the difference of the weights of the action of H on fibers of L over Y + and Y − . We introduce these and other related concepts in Section 2, establishing the notation that we will use throughout the paper, and discussing some basic features of C * -actions and linearizations.
In Section 3 we introduce B-type C * -actions and bordisms. We say that an action is of B-type (Definition 3.1) if both Y + and Y − are divisors in X; note that if an arbitrary action is equalized, that is if it has weights +1 and −1 at the normal bundle of the source, respectively sink, then blowing them up we get a B-type action (Lemma 3.10). The choice of the sink and source of a general orbit of a B-type action yields a birational map between Y − and Y − , see Lemma 3.4. We say that a B-type action is a bordism (Definition 3.8) if every H-invariant prime divisor D on X is either Y + , Y − or both D ∩ Y − and D ∩ Y + are divisors in Y − and Y + . In case of a bordism, we prove that Y − and Y + are isomorphic in codimension 1 (Lemmas 3.6, 3.9). The rank of the bordism is, by definition, the corank of Pic(X) H ⊂ Pic(X) minus one, where Pic(X) H denotes the subgroup of line bundles which are trivial on the closures of orbits of H.
Generally, bordisms of small rank and small bandwidth C * -action yield relatively simple birational maps between Y + and Y − . In particular, we deal with bandwidth one actions on Section 4. Since they are equalized, after blowing up their sink and source, we obtain a bordism with isomorphic sink and source, and a P 1 -bundle structure (see Theorem 4.6) . The same conclusion is true for bordisms of rank zero (see Lemma 3.15) .
In Section 5, in the spirit of the work of Morelli and W lodarczyk, we show that an Atiyah flip
Y associated to elementary small contractions of smooth varieties gives rise to a pair (X, L) with an action of C * , which is a bordism of rank 1 and bandwidth 2, see Theorem 5.3 and Corollary 5.6. The variety X is obtained as the Atiyah flip of P 1 -bundles over Y − and Y + , and it fits into the following diagram
The fixed point components of the C * -action on X which are neither Y − nor Y + can be identified with the center of the flip in Y . Furthermore, Theorem 5.7 asserts that such a bordism is uniquely defined by the flip of the varieties Y ± and their normal bundles in X. This provides a convenient way of determining a polarized variety (X, L) with a bandwidth two action of C * by the local behaviour of the action around its sink and source.
As an important example, in Section 5.2 we present bandwidth two actions associated to short gradings on simple Lie algebras and explain their geometry. In the case in which their Picard number is one, blowing up their source and sink we get rank one bordisms which fulfill the conditions described above. Thus they are uniquely determined by the source and sink of the C * -action and their normal bundles, see Corollary 5. 17 .
In Section 6 we deal with bandwidth three equalized actions for which the sink and the source are isolated points. After blowing them up, we get B-type actions with sink and source being projective spaces with normal bundle O(−1). We prove the following: if the Picard group of the original variety is isomorphic to Z then the resulting birational map is a special quadratic Cremona transformations centered at a Severi variety (cf. Theorem 6.2). This result completes the classification theorem of bandwidth three varieties with an equalized action for which sink and source are isolated points, which was partially established in [19] ; we prove that they are either homogeneous or toric (see Theorem 6.1). This theorem will be used in a forthcoming paper about classification of complex contact manifolds, extending results in [6, 19] .
Finally, the Appendix contains toric calculations which are needed for proving the results about bordisms in Section 5.
1.3. Notation, conventions. We work over C. Let X be a normal projective variety of arbitrary dimension. Let N 1 (X) (respectively N 1 (X)) be the real vector space of Cartier divisors (respectively, 1-cycles on X), modulo numerical equivalence. We denote by ρ X := dim N 1 (X) = dim N 1 (X) the Picard number of X, and by [·] the numerical equivalence classes in N 1 (X) and N 1 (X). We denote by NE(X) ⊂ N 1 (X) the closure of the convex cone generated by classes of effective curves.
A contraction ϕ : X → Y is a surjective morphism with connected fibers onto a normal projective variety. It is elementary if ρ X − ρ Y = 1. If dim X > dim Y then ϕ is of fiber type, otherwise it is birational. Let Exc (ϕ) be the exceptional locus of ϕ, i.e., the locus where ϕ is not an isomorphism; if ϕ is birational and codim Exc (ϕ) ≥ 2 we say that ϕ is small, otherwise it is divisorial. The pushforward of 1-cycles defined by ϕ is a surjective linear map ϕ * : N 1 (X) → N 1 (Y ). We denote by N 1 (X/Y ) its kernel.
Throughout this paper H := C * is a complex torus of dimension one. If H acts on a variety X we will denote by X H the fixed locus of the action. All the actions considered in the paper are assumed to be nontrivial.
Preliminaries
2.1. C * -actions. Let X be a complex projective manifold of dimension n, and let H = C * be an algebraic torus which acts nontrivially on X; the fixed locus of the action decomposes in irreducible components as
and we denote by Y = {Y i } i∈I the set of the irreducible fixed point components of X H . By [12, Main Theorem] the Y j 's are smooth. We call source and sink of the action the unique fixed point components Y + , Y − ∈ X H such that for a generic point x ∈ X we have lim t→0 tx ∈ Y + , lim t→0 t −1 x ∈ Y − , respectively. We will also refer to the sink and the source as the extremal fixed components of the action. We will call inner components the fixed point components which are not extremal.
For every Y ∈ Y the H-action on T X |Y gives a decomposition (1)
where T + , T 0 , T − are the subbundles of T X |Y where the torus acts with positive, zero or negative weights, respectively. Then, by local linearization, T 0 = T Y and
is the decomposition of the normal bundle N Y /X into summands on which H acts with positive, respectively, negative weights. We set
Let us recall some definitions and results from [6, 19] .
Definition 2.1. We say that the H-action on X is equalized at a fixed component Y ∈ Y if the torus acts on N + (Y ) with all weights +1 and on N − (Y ) with all weights −1. The action is equalized if it is equalized at each fixed component.
Remark 2.2. If an H-action is equalized at the source and at the sink, then its isotropy at the orbit of the general point is trivial. In particular the action is faithful.
Remark 2.3. Notice that a variety X with an H-action is uniruled. This is because the orbit passing through a general point in X is a 1-dimensional variety dominated by C * , and so its closure is a rational curve. In particular, if ρ X = 1 then X is a Fano manifold, hence rationally connected.
In this paper we will often consider rationally connected varieties. Using the H-action we can prove the following: Lemma 2.4. Let X be a complex projective manifold with an H-action. If X is rationally connected, then also the source and the sink are rationally connected.
Proof. Let us denote by Y − the sink of the action. Following [6, Lemma 3.4], given two general points y, y ∈ Y − we consider two non fixed points x, x ∈ X satisfying lim t→0 t −1 x = y, lim t→0 t −1 x = y ; taking an irreducible rational curve C passing by x, x , the limit cycle of t −1 C when t goes to 0 contains a rational cycle in Y − joining y, y . This tells us that Y − is rationally chain connected, hence, since it is smooth, rationally connected. The same holds for the source. Definition 2.5. A line bundle L ∈ Pic(X) is called H-invariant if it is trivial on the closure of every orbit of H. The subgroup of H-invariant line bundles will be denoted by Pic(X) H < Pic(X). We can define N 1 (X) H in a similar way. In other words, N 1 (X) H is the space orthogonal, with respect to the pairing of N 1 (X) and N 1 (X) given by the intersection, to the subspace N 1 (X) H spanned by the classes of closures of orbits of H.
A very important property of invariant line bundles is that their spannedness on the sink or the source implies their spannedness on the whole variety:
Lemma 2.6. Let X be a variety with an H-action, with source Y + and sink Y − and let L be a H-invariant line bundle.
Since every point of X is connected to the sink and the source by a chain of closures of orbits, this Lemma follows from the following general observation.
Lemma 2.7. Let X be a projective variety and L ∈ Pic(X) a line bundle. Let C ⊂ X a (closed) irreducible curve such that L · C = 0. Then either C ⊂ Bs|L|, or C ∩ Bs|L| = ∅.
Bia lynicki-Birula decomposition.
It is known (see [20] ) that for x ∈ X the action H × {x} → X extends to a holomorphic map P 1 × {x} → X, hence there exist lim t→0 tx, and lim t→0 t −1 x. Moreover, since the orbits are locally closed and the closure of an orbit is an invariant subset, then both the limit points of an orbit lie in Y. We will call these limits the source and the sink of the orbit of x, respectively. For every Y ∈ Y we define the Bia lynicki-Birula cells (or BB-cells, for short) as follows:
The following result is due to Bia lynicki-Birula and we will refer to it as the BBdecomposition. We state it as presented in [7, Theorem 4.2, Theorem 4.4] . See [4] for the original exposition.
Theorem 2.8. In the situation described above the following hold:
(1) X ± (Y i ) are locally closed subsets and there are two decompositions
There is a decomposition in homology:
In general, the morphism X ± (Y ) → Y is merely an affine bundle, and not a vector bundle.is in fact a line bundle. The following Lemma was partially observed in [6, Lemma 3.4] , and it is a consequence of Theorem 2.8. Lemma 2.9. Let X be a complex projective manifold with an H-action, and Y be an extremal fixed component. Assume that Pic(X) = ZL. Then X is a Fano manifold. Moreover:
(1) if dim Y > 0, then Y is a Fano manifold and Pic(Y ) = ZL |Y ; if moreover Y is the sink of the action (resp. the source), then ν
and Y is the sink (resp. the source) of the action, there exists a unique inner fixed component
Proof. Since X is uniruled by Remark 2.3, and, by assumption, ρ X = 1, then X is a Fano manifold. Let us assume that the extremal fixed component Y is the sink; the case in which Y is the source is analogous.
Suppose that dim Y > 0 so that, in particular, rank H 2 (Y, Z) ≥ 1. Being Pic(X) H 2 (X, Z) Hom Z (H 2 (X, Z), Z), from Theorem 2.8 (3) we get H 2 (X, Z) H 2 (Y, Z) and ν + (Y j ) ≥ 2 for any extremal fixed point component different from the sink. Since Y is rationally connected by Lemma 2.4 (1), the isomorphism H 2 (X, Z) H 2 (Y, Z) tells us that the restriction of the Picard groups Pic(X) → Pic(Y ) is an isomorphism, as well. Finally, being Y rationally connected with ρ Y = 1, it is a Fano manifold.
In the case in which Y consists of an isolated point, using the decomposition of H 2 (X, Z), provided by Theorem 2.8 (3), we obtain:
This equality follows from the fact that ν + (Y ) = dim X > 1. Since ν + (Y i ) ≥ 1 for all i, the summand provided by Y i can only be different from zero if ν + (Y i ) = 1, and in this case the corresponding group would be H 0 (Y i , Z) = Z. We conclude that this happens for a unique index i. This finishes the proof.
2.3. C * -actions on polarized pairs. For an arbitrary line bundle L ∈ Pic(X) we denote by µ L : H × L → L (or simply by µ) a linearization of the action of H on the line bundle L; linearizations always exists by [14, Proposition 2.4] . By abuse, we continue to denote by µ L : Y → M (H) := Hom(H, C * ) Z the associated map on the set of fixed point components. We say that µ L is normalized if µ L (Y − ) = 0, where Y − is the sink of the action. The normalized linearization is unique.
Definition 2.10. Given a smooth complex projective variety X an an ample line bundle L on X we will call (X, L) a polarized pair.
Definition 2.11. Let (X, L) be a polarized pair with an H-action admitting a linearization µ on L. The bandwidth of the action on the pair (X, L) is defined as |µ| = µ max − µ min , where µ max and µ min denote the maximal and minimal value of the function µ L , which are obtained at the source and the sink, respectively.
For short, we will say that (X, L) has bandwidth |µ|. Sometimes we will choose the linearization µ to be normalized, and in these cases we will denote by Y |µ| and Y 0 the source and the sink of the action.
The AM vs FM equality, which has been introduced in [19, §2.A], relates the amplitude of a line bundle on P 1 with the difference of weights of the action on the fibers of the line bundle over the fixed points. We will discuss now some consequences of this equality, and generalize it to vector bundles (cf. Lemma 2.16).
Lemma 2.12. [19, Lemma 2.2] Let H × P 1 → P 1 be an action with source and sink y + and y − . Consider a line bundle L over P 1 with linearization µ L . Then
where δ(y + ) is the weight of the action on the tangent space T y+ P 1 .
Let C be the closure of a 1-dimensional orbit of an H-action on a projective variety X as above. Let f : P 1 → C be its normalization and lift up the action to an H-action on P 1 , with source y + and sink y − . We will denote by δ(C) the weight of the lifted action on T y+ P 1 . Clearly the weight of the lifted action on T y− P 1 is equal to −δ(C).
Remark 2.13. An H-action on a smooth projective variety X is equalized if and only if, for every C which is the closure of a 1-dimensional orbit, we have δ(C) = 1. Moreover, in this case, by the local description given in Theorem 2.8 (2) the closure of every 1-dimensional orbit is a smooth rational curve. In particular, the following Corollary is immediate.
Corollary 2.14. Let X be a smooth projective variety, with an action of H which is equalized at the source Y + and at the sink Y − , such that every nontrivial orbit has source in Y + or sink in Y − (or both). Then the action is equalized.
Corollary 2.15. Let X be a smooth projective variety with an H-action. Denote by Y + and Y − , respectively, the source and the sink, and by C gen the closure of the general orbit. Let C 1 , . . . , C m be closures of orbits, with source and sink
In particular, if the action is equalized, then
Proof. Let L be a line bundle on X, with linearization µ L . By Lemma 2.12,
being y + and y − respectively the source and the sink of C gen . Again by Lemma 2.12 we get
, and µ L (y 1 + ) = µ L (y + ). Therefore using the above equalities we can write
and since we can repeat this procedure for every line bundle L on X we get the statement. The last claim follows from Remark 2.13.
Lemma 2.12 can be generalized to vector bundles in the following way:
Lemma 2. 16 . Let E be a vector bundle over P 1 with splitting E ∼ = i O(d i ). We take an H-action on P 1 = C * ∪ {y + } ∪ {y − } with source at y + and sink at y − , and consider a linearization of this action on E. We denote by a i the weights at E y+ and by b i the weights at E y− . Then, after possibly renumbering the a i 's and the b i 's, we have
Proof. First we note that, by additivity of characters, the formula behaves well with respect to the twist of E by any line bundle with any linearization. That is, if L = O(d) has linearization such that the weights at L 0 and L ∞ are a and b, respectively, then by Lemma 2.12 one has a − b = d and E(d) has a product linearization with weights a i + a at E(d) y+ and b i + b at E(d) y− .
Next we note that splitting E = j V j ⊗ O(d j ), with V j vector spaces and d j pairwise different integers, is preserved under the H-action. Therefore it is enough to prove our formula for vector bundles of type V ⊗ O(d) and, eventually, by the remark above, for trivial vector bundles.
If E = V ⊗O then any linearization of E yields a linearization of V = H 0 (P 1 , E). The evaluation of sections at y + and y − yields equivariant morphisms V → E y+ and V → E y− . Therefore the weights of the action at E y+ and E y− are the same which concludes the proof of the lemma. Lemma 2.16 can be used to determine the splitting type of the tangent bundle on orbits of the action. In particular we have the following:
Corollary 2.17. Let X be a projective variety admitting an equalized action of H = C * such that the source is a point. Then the restriction of T X to the closure of any orbit of the action joining the source with a component Y ⊂ X H is
Proof. Being the action equalized, by Remark 2.13 the closures of all orbits are smooth rational curves. Moreover the weights at the source are equal to 1, while the weights at Y are (−1 ν − (Y ) , 0 dim Y , 1 ν + (Y ) ).
2.4. Rational homogeneous spaces: notation. We will finish this section of preliminaries by introducing the notation we will use when dealing with rational homogeneous varieties.
It is well known that two isogenous semisimple groups have the same projective quotients, hence a rational homogeneous variety G/P is completely determined by the Lie algebra g of G and the parabolic subalgebra p ⊂ g of P which, up to adjoint action, are determined by the Dynkin diagram D of g and the choice of a particular set of its nodes.
More concretely, given a semisimple group G with Lie algebra g, we fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. This choice determines a root system Φ contained in the character lattice M(T ) := Hom(T, C * ) of T , together with a base of positive simple roots ∆ of Φ, that determines a partition of the root system into subsets of positive and negative roots, Φ = Φ + ∪Φ − . The finite group W = N(T )/T which can be shown to be independent of the choice of the maximal torus T of G is called the Weyl group of G. Any element α i ∈ ∆ defines an involution of M(T ) sending α i to −α i and leaving Φ invariant, that we denote by s i . The Dynkin diagram D of G will be a graph (admitting multiple, oriented edges) whose set of vertices D is in one to one correspondence with ∆, and whose edges encode the behaviour of the involutions s i on Φ. It follows that Φ is completely determined by D, and one can show that the Lie algebra g is completely determined by Φ.
For every subset of nodes I ⊂ D one can consider the subgroup W (D \ I) ⊂ W generated by the elements s i , i / ∈ I. The subgroup P (D \ I) := BW (D \ I)B is a parabolic subgroup of G, and quotient G/P (D \ I) is a projective variety, that we call the rational homogeneous variety associated to G and to the set of nodes I. Note that the Lie algebra of P (D \ I) is equal to
where Φ + (D \ I) denotes the subset of Φ + generated by the positive simple roots α j , j ∈ D \ I.
As we have already noted, the variety obtained upon I for another semisimple group G isogenous to G is the same, and it makes sense to use the following notation: D(I) := G/P (D \ I). Note that, with this notation, the choice of an inclusion I ⊂ J ⊂ D gives rise to a contraction: D(J) → D(I). For instance, D(D) = G/P (∅) = G/B is the complete flag variety associated to G, and D(∅) = G/G is always a point. In the cases in which D is disconnected, a rational homogeneous variety D(I) is a product, whose factors correspond to the connected components D i of D, marked on the nodes of I contained in D i . The rational homogeneous varieties associated to Dynkin diagrams of classical type (A n , B n , C n , D n ) can be easily described in classical language, that we will use in the cases in which a more detailed geometric description of certain rational homogeneous varieties is convenient. For instance:
LG(2, 5) (Lagrangian Grassmannian parametrizing Lagrangian P 2 ⊂ P 5 w.r.t. a contact form in P 5 ), D 6 (6) S 15 (Spinor variety, parametrizing one of the two connected families of subspaces P 5 ⊂ P 11 that are contained in a smooth quadric Q 10 ⊂ P 11 ).
B-type torus actions and bordisms
In this section we discuss the concepts of B-type C * -action and bordism. In a nutshell, the conditions defining these two types of actions will allow us to define a birational morphism between the corresponding sink and source, regular in codimension one, which encodes many properties of the action, and that, in certain situations, will determine it.
B-type torus actions.
Definition 3.1. Let X be a complex projective manifold with an action of H = C * . We say that the action is of B-type if its extremal fixed components Y − and Y + are codimension one subvarieties. By Theorem 2.8 (2) , an H-invariant open neighborhood of Y ± in X is Hisomorphic to the line bundle N Y±/X . Two important consequences of this fact are:
Remark 3.3. If the action of H is faithful, then the action on the general fiber of π ± : N Y±/X → Y ± is the homothety action or its inverse. But the weight of the action on the fibers of π ± does not depend on the chosen point in Y ± , hence a faithful B-type action is equalized at the extremal fixed components. The converse is true for any H-action, as observed in Remark 2.2.
Given an H-action on X with source Y + and sink Y − , and inner fixed components Y j , j ∈ J, we consider the subvarieties Z j
and we set:
Lemma 3.4. In the above notation, let X be a complex projective manifold with a B-type H-action. Then there exists an isomorphism:
assigning to every point x of Y − \ Z − the limit for t → 0 of the unique orbit having limit for t −1 → 0 equal to x.
Proof. The complementary set of the zero section N 0 Y±/X ⊂ N Y±/X , is a principal C * -bundle, from which Y ± can be defined as the geometric quotient by the action of H; it is an algebraic map, mapping every x to lim t→0 t ±1 · x ∈ Y ± .
We may now consider the open subsets U ± = N 0 Y±/X \ π −1 ± (Z ± ); these two subsets are isomorphic since they can be identified in X with the set of orbits of the action having limiting points at Y − and Y + . It then follows that their quotients by the action of H, Y − \ Z − and Y + \ Z + , are isomorphic.
We will now show that, under certain mild conditions, the map ψ constructed in Lemma 3.4 is an isomorphism in codimension one. Let us start by observing the following:
Lemma 3.5. Assume that the H-action on X is of B-type, and let Y j be an inner fixed point component as above.
Proof. Assume that Z j − = ∅. Then, by BB-decomposition:
and, since by assumption Y − has codimension one in X, we get:
A similar argument provides codim(Z j + , Y + ) = ν + (Y j ).
Lemma 3.6. Let X be a smooth projective variety with a B-type H-action. Then the following conditions are equivalent:
( ) the restriction map Pic(X) → Pic(Y − ) fits into a short exact sequence
Proof. Note first that the rational connectedness of X implies Pic(X) = H 2 (X, Z); since rationally connected varieties are simply connected, we may write
where t stands for torsion. By Lemma 2.4, the rational connectedness of X implies the rational connectedness of Y − , therefore the above equalities hold also for Y − . In particular, condition ( ) is equivalent to having a decomposition:
On the other hand Theorem 2.8 (3) tells us that:
and so ( ) holds if and only if H 2−2ν + (Yj ) (Y j , Z) is a torsion group for every inner component Y j , which is equivalent to condition ( ). The equivalence of ( ) and ( ) follows by Lemma 3.5.
Remark 3.7. Clearly a similar statement holds replacing
Definition 3.8. If a B-type action on X satisfies the equivalent conditions of Lemma 3.6 for both the source Y + and the sink Y − of the action, i.e., if codim(Z ± , Y ± ) ≥ 2, then the triple Y − −→ X ←− Y + together with the action is called a bordism.
In particular, for a bordism, the following hold:
In the sequel, we will often consider bordisms constructed as follows:
Lemma 3.10. Let X be a smooth projective variety with an H-action which is equalized at the source Y + and at the sink Y − . Let X be the blowup of X along Y + and Y − , with exceptional divisors Y − , Y + . Then the action extends to a B-type action on X , equalized at the source Y + and at the sink Y − . If moreover ρ X = 1 and both Y + and Y − are positive dimensional, then
Proof. The actions extends to X because we are blowing up fixed point components. It is a B-type action since the equalization at Y ± implies that the induced action on X is trivial along the fibers of the blowup, hence the exceptional divisors Y − , Y + are the sink and the source of the induced action. Since the action on X is faithful (see Remark 2.2), it is also faithful on X , and so it is equalized at its sink and source by Remark 3.3.
For the second part, note first that, by Remark 2.3, X is rationally connected. Moreover, by Lemma 2.9 (1), it follows that ν ± (Y j ) ≥ 2 for every inner fixed component Y j . Since blowing up the sink and the source does not change these values, we may claim that X satisfies condition ( ) of Lemma 3.6.
the restriction maps, and by ι ± * : N 1 (Y ± ) → N 1 (X) the maps of the space of 1-cycles induced by push-forward.
We will now define right inverses for ι * ± exploiting the H-action on X.
. Therefore we have the following:
We also note that the compositions ι * − • ι − # and ι * + • ι + # are the identity, hence the exact sequences of Lemma 3.6 split as:
be the class of the closure of a general H-orbit in X. Then the image of ι ± # is orthogonal, in terms of intersection of N 1 (X) and N 1 (X), to the class [C gen ]. That is,
Then the orbit with the sink in y does not meet ι − # (D) hence D · C gen = 0. 3.2. Low rank bordisms. We will now introduce an invariant measuring the complexity of bordisms, called rank, and study in detail the cases of rank 0 and 1.
Proof. Being the action non trivial, in N 1 (X) H we have at least the class [C gen ] of the closure of the general orbit, hence, by the above definition, the rank of the bordism is nonnegative. Assume that the rank is zero. Again by definition this happens if and only if every orbit is numerically proportional to [C gen ]. By Remark 3.2, Y − · C gen = Y + · C gen = 1, thus the intersection number of the closure of every orbit with the extremal fixed point components is positive, and thus there is no other fixed point component (since the closure of an orbit cannot meet three fixed point components). Then, by Lemma 3.4, we obtain that Y − Y + and, by the proof of the same lemma, it follows that X is an
Then every nontrivial orbit with sink in Y has source in Y + , and every nontrivial orbit with source in Y has sink in Y − . Moreover the closures of two orbits linking Y with Y + (resp. Y − ) are numerically equivalent.
Proof. First, note that [Y − ] and [Y + ] are not proportional (as forms) in N 1 (X) H . Indeed, using Lemma 3.15 we know that X is not a P 1 -bundle, then there exists an orbit of H whose closure meets, say, Y − and does not meet 
be a bordism of rank 1. We will denote by [C + ] (resp. [C − ]) the numerical class of the closure of an orbit linking Y + (resp. Y − ) with an inner component.
be a bordism of rank 1, and denote by C gen the closure of a general orbit. Then N 1 (X) H is generated by
Proof. The first assertion follows by the assumption on the rank of the bordism, and the fact that [C − ], [C + ] are not proportional. The second follows by Corollary 2.15, and the fact that C gen · Y ± = C ± · Y ± = 1, C ± · Y ∓ = 0, where the first two equalities follow from Remark 3.2.
For the proof of the last part we note first that, without loss of generality, we may assume that the action is faithful. Since it is of B-type, then (by Remark 3.3) it is equalized at Y ± ; hence we are in the setup of Corollary 2.14, and we may conclude that the action is equalized.
We now consider a point y in an inner fixed point component Y ⊂ X. Since, by Lemma 3.6, rk N − (Y ) = ν − (Y ) > 1, we may consider Λ ⊂ X − (y), defined as the image of a two dimensional vector subspace of N − (Y ) y . Being the action equalized, the geometric quotient of Λ \ {y} by the action of H is isomorphic to P 1 . Denoting by Λ + := Λ ∩ Y + we may embed Λ \ {y} into X + (Y + ), as the complement of Λ + in its inverse image by the projection X + (Y + ) → Y + . Since X + (Y + ) is a line bundle over Y + , it follows that Λ + ⊂ Y + is isomorphic to the quotient of Λ \ {y} by the action of H, hence to P 1 . In particular, the set Λ, which is a projective variety by construction, is smooth, being the union of the smooth varieties Λ and X + (Λ + ). Since every point of Λ is connected to y by a unique curve of type C + , isomorphic to P 1 , we conclude that Λ P 2 . In particular, the line Λ + will be numerically equivalent to the H-equivariant curve C + .
By Lemma 3.13, the class [C gen ] is not contained in ι +
A similar argument with C − provides the last equality.
Proof. Assume by contradiction that there exists an effective curve C such 
Since, by Lemma 3.12, one has ψ * = ι * + • ι + # the conclusion follows. The statement about the intersection with the normal bundles follows from Remark 3.2 and the fact that the restriction of Y ± to itself is N Y±/X .
, and, via this isomorphism, the lines in the fibers of Z j − → Y j are curves whose numerical class is [C − ]. Moreover, the exceptional locus of the birational map ψ is the disjoint union of the varieties Z j − and, in particular, its reduced structure is smooth.
Proof. Without loss of generality, we may assume that the action is faithful, hence, by Remark 3.3 and Corollary 2.14, we may assume that it is equalized.
of the zero section of this vector bundle over Y j . Since the rank of the bordism is 1, by Lemma 3.18, every orbit which has the source in Y j has the sink in Y − . Hence, applying Theorem 2.8 (2) 
complementary to the zero section over Z j − . This is a C * -principal bundle over Z j − , so its projection to Z j − is a geometric quotient, whose fibers are the orbits of the action of H = C * . Since the H-action is assumed to be equalized, it follows that H acts homothetically on N + (Y j ), therefore we get Z j − P(N + (Y j ) ∨ ). The fact that the lines in the fibers of Z j − → Y j are mapped to the curves whose numerical class is [C − ] follows from the proof of Lemma 3.18.
The last assertion follows from the fact that, set-theoretically, the exceptional locus of ψ is the disjoint union of the varieties Z j − ; in fact, given a point y ∈ j Z j − , there exists a unique orbit C * x whose sink is y and whose source lies in an inner fixed point component. Since the inner fixed point components are disjoint, the claim follows.
Bandwidth one actions
In this Section we will characterize polarized pairs (X, L) admitting an action of H = C * of bandwidth one. We start by introducing a projective construction.
Then the vector bundle E := L 0 ⊕ L 1 is semiample and there is a contraction ϕ of P(E), with supporting line bundle O P(E) (1). The image ϕ(P(E)) will be called the drum associated to the triple (Y, L 0 , L 1 ).
For each i = 1, 2 we denote by s i : Y → P(E) the section corresponding to the quotient E → L i . Note that, by construction, ϕ(s i (Y )) Y i , for i = 0, 1, so we will simply denote these images by Y i ⊂ X.
Remark 4.2. For i = 0, 1, the quotient E → L i provides a section s i : Y → P(E), whose image, by construction, is isomorphic to Y . Moreover, there exists a natural H-action on P(E), whose fixed point locus is s 0 (Y ) s 1 (Y ). This action may be defined locally: we first choose a trivialization {U i ×P 1 , i ∈ I} of the bundle such that the images of the sections s 0 , s 1 are given by U i × {0}, U i × {∞}, and define the action by t(x, λ) = (x, tλ), for (x, λ) ∈ U i × P 1 , t ∈ C * . This action descends via ϕ to an H-action on X, whose sink and source are Y 0 and Y 1 , respectively.
In general, a drum will not be a smooth variety. The following Lemma gives a characterization of smooth drums, in terms of the contractions π i . Lemma 4.3. Let Y be a smooth variety of Picard number two, assume that the nef cone of Y is generated by two semiample divisors L 0 , L 1 , and let X be the drum associated to (Y, L 0 , L 1 ). Then X is smooth if and only if the contractions π 0 : Y → Y 0 , π 1 : Y → Y 1 associated to L 0 , L 1 are projective bundles, and denoting by F 0 and F 1 the corresponding fibers, deg
Proof. If the contractions π 0 and π 1 satisfy the above assumptions, then one can compute that the lengths of the extremal rays contracted by ϕ are equal to the relative dimensions of Y over Y i . Then ϕ is a smooth blowup by [2, Theorem 5.1].
On the other hand, if X is smooth, ϕ is a smooth blowup by [10, Theorem 1.1].
Remark 4.4. Note that, given a smooth drum X as above, by construction, the action of H that we have defined on satisfies that its restriction to the image into X of a fiber of P(E) → Y is the natural one. In particular it is equalized.
For a Fano manifold X, its index is defined as the maximum positive integer k such that (1/k)K X is a Cartier divisor. In the following Proposition we show how to write the index of a smooth drum in terms of its defining data.
Proposition 4.5. Let X be a smooth drum, constructed upon a manifold Y of Picard number two supporting structures of P k0 -bundle and P k1 -bundle. Then the Fano index of X is equal to k 0 + k 1 + 2.
Proof. Let E i = s i (Y ) be the exceptional divisors of ϕ, denote by i the image in s i (Y ) of a line in a fiber of π i and by f a fiber of the projection p :
in fact this cone is the intersection of the three positive halfspaces determined by the divisors O P(E) (1), p * L 0 , p * L 1 . We can then compute that, in Pic(P(E)), it holds that
Using the canonical bundle formulas for projectivizations and blowups we can write
Using the above formula and recalling that
Note that, as a direct application of Lemma 2.12 and Remark 2.13, a bandwidth one H-action on a polarized pair (X, L) is always equalized. The following statement characterizes smooth drums as polarized pairs of bandwidth one.
Theorem 4.6. Let X be a smooth variety of Picard number one, and L be an ample line bundle on X. Then X is a (smooth) drum if and only if there exists a C * -action on (X, L) of bandwidth one.
Proof. Assume that X is a smooth drum and keep the notation as in Definition 4.1. We consider the H-action on X defined in Remark 4.2, that is equalized (Remark 4.4) and, in particular, faithful. Then, denoting by L the line bundle on X whose pullback to P(E) is O P(E) (1) we have, by construction, a linearization of the H-action on L. By Lemma 2.12, being the action equalized, the bandwidth |µ| of the action on (X, L) is equal to the degree of L on the closure C of the general orbit of the action, which is the image of a fiber of P(E) → Y . Then |µ| = L · C = 1.
Conversely, let (X, L) be a polarized pair supporting an (equalized) H-action of bandwidth one, and consider the blowup ϕ : X → X at the source Y 0 and the sink Y 1 of the action, with exceptional divisors Y − , and Y + . By Lemma 3.10 the action extends to a B-type action on X . Using Lemma 3.4, since the action has no inner fixed point components, we see that Y − Y + =: Y . Moreover, since by Lemma 2.9 we have ρ Y0 = ρ Y1 = 1, then the Picard number of Y is two.
We claim that the projective bundle structures π 0 : Y → Y 0 and π 1 : Y → Y 1 are different; if this were not the case, then the orbits joining corresponding points of two fibers of the contraction would be mapped by ϕ to a positive dimensional family of curves of degree one with respect to the ample line bundle L, passing by two different points, against the Bend and Break Lemma (see, for instance [9, Proposition 3.2]).
Remark 4.7. One may construct many examples of smooth drums upon rational homogeneous varieties Y of Picard number two with two projective bundle structures. However, these are not the only ones. In fact, there exist examples of non homogeneous varieties of Picard number two with two projective bundle structures (see [13, Section 2] ). Moreover, we remark that in the case in which Y is a homogeneous variety of Picard number two with two projective bundle structures, the drum obtained upon it can be either rational homogeneous or non homogeneous horospherical; we refer the reader to [16] for details.
Bandwidth two actions and Atiyah flips
In this section we study H-actions of bandwidth two. A key point in the discussion will be the close relation among bandwidth two pairs, bordisms of rank one and Atiyah flips, based on the toric constructions discussed in the Appendix; we deal with this relation in Section 5.1 (see Theorems 5.3, 5.7 and Proposition 5.11). In Section 5.2 we present some examples of bandwidth two actions supported on rational homogeneous varieties, and discuss how they are determined by their sink and source (see Corollary 5.17). with toric small contractions of Atiyah type (see Definition A.2). In particular, the exceptional loci Z ± := Exc(ϕ ± ) will be smooth varieties, possibly disconnected: their irreducible components are in one to one correspondence, and we denote them by Z j − , Z j + , j ∈ J, respectively; for each j ∈ J, the image ϕ ± (Z ± )
is an irreducible component Y j 0 of the exceptional locus Y 0 := Exc(ϕ −1 ± ), and the restrictions ϕ − :
In order to encompass the data which is essential for our definition we will write
for the Atiyah flip ψ defined above. We will say that ϕ ± are small contractions of Atiyah type.
Remark 5.2. We note that the first two conditions are local. In particular,
are P rj -bundles and P sj -bundles, respectively, with r j = codim(Z j
However, the values r j , s j may depend on j. In this sense a global Atiyah type, as introduced for the toric Atiyah flips in Section A.1, is not defined. However, note that condition (2) implies (see Equation (8) in the Appendix, noticing that locally
In particular, by the adjunction formula, (K Y− ) |P r j = O P s (s j − r j ). But the line bundle N − of condition (3) is defined globally, and so we may write
, and using condition (3b) we conclude that the integer d := s j − r j does not depend on j. In particular, if s j − r j ≥ 0 then K Y− is ϕ − -nef and −K Y+ is ϕ + -nef.
The following result shows that Atiyah flips can be realized geometrically by means of bordisms of rank one.
is an Atiyah flip, and let n = dim Y ± . Then there exists a smooth variety X of dimension n+1 with a faithful action of H = C * , such that
the inner fixed point components of the action are isomorphic to the irreducible components
Proof. This proof is a global version of the construction performed in the toric setting in Section A.3 (see Corollary A.10). We take the projective bundle First we show that there exists a small contraction φ − − :
Let us consider now a sufficiently ample line bundle M on Y . Since, by definition of Atiyah flip, N − is ϕ − -ample, then we may assume that ϕ *
. Let us prove that, for a sufficiently ample M , M − is semiample.
To this end, we note that we can assume that M is basepoint free on Y , so for a positive integer a the base points of aM − are contained in the divisor Y 1 − . We will conclude by showing that the base points of aM − are also contained in the divisor Y 0 − . By equation (4) we can write:
, and the composition ϕ − • π − factors via φ − − , so that we have a morphism Π − : X − → Y fitting in the commutative diagram:
We will show now that the small contraction φ − − admits a flip ψ − : X − X. Note that if such a flip exists, the variety X can be described as X :
. In particular, its existence can be proved locally analytically around every point of X − , and this holds because the variety X − coincides locally with the toric variety X Σ− from Corollary A.5, and the restriction of φ − − to X Σ− coincides locally with the small contraction of X Σ− whose flip is the variety X Σ (see also Corollary A.10).
Let us denote the corresponding small contraction of X by φ + − : X → X − , so that we have a commutative diagram:
The strict transforms in X of Y 1 − and Y 0 − are isomorphic, respectively, to Y − and Y + , so, abusing notation, we will denote them by Y − , Y + ⊂ X.
Let us show that X supports a bordism of rank one with the properties listed in the statement. We take the C * -action on O ⊕ N − with weights 0 and 1, which descends to a faithful action on P Y− (O ⊕ N − ), with sink Y 1 − and source Y 0 − . This is a bordism of rank zero by Lemma 3.15. Since the exceptional locus of φ − − is contained in a fixed point component, the H-action descends to an action on
) and, subsequently, to its relative projectivization X. By construction, the map ψ − : X − X is H-equivariant (on the open set where it is defined), and the sink and source of the H-action on X are Y − , and Y + .
Since X was constructed by glueing toric bordisms, the inner fixed point components of the H-action in X are obtained by glueing analytic sets biholomorphic to the sets V (δ − +δ + ) of Proposition A.7. In particular, we have that the only inner fixed point components of the action are isomorphic to the connected components Y j 0 , which shows (2). The same applies to the sets X ± (Y j 0 ) ∩ Y ± , so that we may conclude that Every orbit of the action is contracted by Π − •φ + − , hence the pullback of Pic(Y ), which has codimension two in Pic(X), is H-invariant, so the rank of the bordism is at most one; it is in fact one since there exist inner fixed point components (see Lemma 3.15 ). This concludes (1) .
We finish by proving (3). Since φ − − is an isomorphism in a neighborhood of
On the other hand the restriction of ψ − to Y 0 − is the birational transformation of the original flip, hence, by property (3c) in Definition 5.
Corollary 5.4. In the setup of Theorem 5.3, there exists an Atiyah flip:
We have already shown in the proof of Theorem 5.3 that ψ − is locally a toric Atiyah flip, so we only need to check the condition (3) of the definition.
By Equation (4) we have
. On the other hand, we set N + − := −ψ − * (N − − ). As we have seen, the restriction of N − − to Y 0 − ⊂ X − is N − , hence its restriction to each fiber of the contraction φ − − is isomorphic to O(1); on the other hand the restriction of N + − to Y + ⊂ X equals −ψ * ((N − − ) |Y 0 − ) = −ψ * (N − ) = N + and so its restriction to each fiber of φ + − is also isomorphic to O(1).
Remark 5.5. In the proof of the Theorem 5.3, we have constructed the variety X as the Atiyah flip of a P 1 -bundle P Y− (O ⊕ N − ). If we start from Y + , we will obtain the same variety X and, in particular we have a diagram of Atiyah flips:
with H-equivariant arrows. In order to see this we note that locally the construction of X can be done in toric terms, and then the result follows from Proposition A.7.
Corollary 5.6. In the setup of Theorem 5.3, there exists an ample line bundle L on X such that the bandwidth of the H-action on the pair (X, L) is two. Proof. With the notation of the proof of Theorem 5.3, the line bundle L defined as L := Y − + Y + + (Π − • φ + − ) * L , with L a sufficiently ample line bundle on Y , satisfies the required conditions. In fact, by Remark 3.2, L · C gen = 2, and so |µ| = 2 by Lemma 2.12, recalling that the action on X is faithful, hence δ(C gen ) = 1.
The following statement tells us that the rank 1 bordism
. In order to prove the unicity, we will show that X is the Atiyah flip of a P 1 -bundle P Y− (O ⊕ (Y ± ) |Y± ). We will start by constructing a small contraction η − : X → X − , for which we will prove the existence of an Atiyah flip.
Let [C ± ] be the classes of invariant curves with respect to H = C * in X linking Y ± with an inner fixed point component (see Definition 3.17) , and let M be a very ample line bundle on Y ; we pull it back to Y − and extend it to X (see Definition 3.11), setting M := ι − # ϕ * − M . By construction, M · [C − ] = 0. On the other hand, we may write M = ι + # ϕ * + M , so we also have M · [C + ] = 0 and, by Lemma 3.18, we conclude that M ∈ Pic(X) H . By Lemma 2.6 the linear system ι − # ϕ * − |M | ⊂ |M| is base point free on X, hence M defines a contraction η of X. Since M is Hinvariant, then η contracts the closure of every orbit; moreover the restriction of η to Y ± is equal to ϕ ± , so the image of η is Y , and the following diagram commutes:
Since the contractions ϕ ± are elementary and, by the definition of bordism,
is an extremal ray of NE(X). In a similar way we show that also
is an extremal ray of NE(X). Therefore there exist elementary contractions η ± : X → X ± , factoring η, which contract the extremal rays R + [C ± ], and whose supporting divisors are Y ± + kM for k 0. Thus we have a commutative diagram
We will prove now that η − is a small contraction of Atiyah type, and construct the corresponding flip. Let us denote by j Z j − the exceptional locus of ϕ − and, as in Remark 5.2, r j = codim(Z j + , Y + ) − 1, s j = codim(Z j − , Y − ) − 1, for every j. We claim first that Exc(η − ) is equal to j X + (Y j ), and that X + (Y j ) is a P rj +1 -bundle over Y j , for every inner fixed point component Y j of the bordism.
Let F be an irreducible component of a fiber of η − . Since it intersects Y − along a fiber of ϕ − , which is isomorphic to P rj for some j, it follows that dim F ≤ r j + 1. On the other hand, by Lemma 3.21, every fiber of ϕ − is contained in a unique variety isomorphic to P(N + (Y j ) ∨ y ), for some y contained in an inner fixed point component Y j . Since the lines in P(N + (Y j ) ∨ y ) correspond to curves in the class [C − ], we conclude that the fibers of η − are all isomorphic to P(N + (Y j ) ∨ y ) P rj +1 . This concludes the claim.
We construct now the Atiyah flip of η − by glueing toric Atiyah flips, so that, in particular, condition (2) of Definition 5.1 is fulfilled. For every point y of an inner fixed point component Y j , we may take an analytic neighborhood U of y ∈ Y j , biholomorphic to C q , and a H-invariant analytic open set in X which is Hbiholomorphic to (N Yj /X ) |U C dim X (see [4, Theorem 2.5]), that we identify with the toric variety X Σ(∆) introduced in Section A.1. Following Section A.2, the Haction inherited by X Σ(∆) defines two good H-quotients, X Σ± , of two open subsets in X Σ(∆) , and a birational transformation among them, that we denote by ψ • . By construction, this map is the restriction of the birational map ψ : Y − Y + , which is an Atiyah flip, by assumption, so we conclude that ψ • is a toric Atiyah flip. We then consider the toric variety X Σ constructed in Proposition A.7 which is isomorphic to the analytic closure of X Σ(∆) into X, consisting of the open set X Σ(∆) , together with the limiting points of all the orbits of the H-action. In particular, the second part of Proposition A.7 allows us to claim that the subset X Σ ⊂ X admits a toric Atiyah flip to a P 1 -bundle X Σ− whose associated Atiyah type contraction is, by construction, the restriction of η − : X → X − . Glueing these toric Atiyah flips we obtain the flip X P Y− (O ⊕ (Y − ) |Y− ) of the contraction η − . Finally, we note that the line bundle Y − satisfies the condition (3) of Definition 5.1, so we may conclude that X
We will finish this section by showing how to apply the machinery we have just developed to the case of polarized pairs (X, L) that support bandwidth two H-actions, showing that, under certain conditions, they are determined by the sink and the source together with their normal bundles. We will choose, for bandwith two pairs, the linearization µ L of L whose weights at the source and the sink are, respectively, 1 and −1, and we will denote the source and the sink, respectively, by Y 1 and Y −1 . Let us start with the following general observation. Proof. The action is equalized by Corollary 2.14. In particular, if C ± is the closure of an orbit linking an inner fixed point component Y j 0 with Y ±1 , then the degree of L on C ± is equal to one by Lemma 2.12 and Remark 2.13.
We will now show how to construct a bordism of rank one out of a bandwidth two pair (X, L).
Lemma 5.9. Let (X, L) be a polarized pair supporting an H-action of bandwidth two, equalized at the sink Y −1 and source Y 1 . Assume moreover that ρ X = 1, that the sink and the source have positive dimension, and that X has at least one inner fixed point component. Let α : X → X be the blowup of X along Y −1 ∪ Y 1 , and denote by Y − and Y + the exceptional divisors. Then L := α * L − Y − − Y + is a nontrivial H-invariant divisor and the extended H-action on the blowup is a bordism of rank one.
Proof. The fact that the action on X is a bordism follows by Lemma 3.10. Since the closure of every 1-dimensional orbit meets the sink or the source, by Lemma 2.12 and Remark 2.13 the line bundle L has intersection number zero with the closure of all the orbits of the action. Moreover, taking a curve F contracted by α, we get L · F > 0, therefore L is nontrivial. In particular L is a H-invariant divisor, so the rank of the bordism is at most ρ X − 1 − 1 = 1. If it were zero, then X would be a P 1 -bundle by Lemma 3.15, contradicting the assumption on the existence of an inner component.
Remark 5.10. In the above lemma, the assumption on the positive dimension of the sink and the source is necessary. In fact, by Lemma 2.9, if one of the extremal components is a point, then there exists an inner component Y j for which either ν + (Y j ) or ν − (Y j ) is equal to one, against the definition of bordism.
We will now show that the birational transformation induced by such a bordism is an Atiyah flip, under some positivity conditions on the conormal bundles of the sink and the source. 
Proof. By Lemma 5.9 the line bundle L := α * L − Y − − Y + and its multiples are H-invariant. Then, by Lemma 2.6, mL is globally generated for m 0; in fact the restriction of L to Y − is the tautological bundle of Y − := P(N ∨ Y−1/X ⊗L), which is semiample by assumption. Let us denote by L ± the restrictions i * ± L ∈ Pic(Y ± ), and by ϕ ± : Y ± → Y ± the corresponding contractions of Y ± . By Lemma 2.9 the Picard number of Y ±1 is one, hence the Picard number of Y ± is two. Since, by Lemma 5.9 L − · C − = L + · C + = 0, and L is not trivial on Y ± , the contractions ϕ ± are the contractions of the rays in NE(Y ± ) generated by the classes [C ± ].
Thus Corollary 2.15 tells us that [C gen ] · L = 0 and, by Lemma 3.13, L ∈ i ± # (Pic(Y ± )), hence L = i ± # L ± . By Lemma 3.12 we have ψ * (L − ) = L + ; it follows that Y − = Y + := Y and the following diagram commutes:
In particular, by Lemma 3.21, the exceptional locus of ϕ − is the disjoint union of smooth varieties Z j − = P(N + (Y j 0 ) ∨ ), where Y j 0 are the inner fixed point components of the action.
In order to conclude that ψ is an Atiyah flip, we first show that it is locally a toric Atiyah flip. Since, by Lemma 5.8, the H-action is equalized, then, for every point y of an inner fixed point component Y j 0 , we may take an analytic neighborhood U of y ∈ Y j 0 , biholomorphic to C q , and an H-invariant analytic open set in X which is H-biholomorphic to (N Y j 0 /X ) |U (see [4, Theorem 2.5] ), which is then H-biholomorphic to a toric variety X Σ(∆) , as in Section A.2. In the notation of that section, the H-action defines two good H-quotients X Σ± , of two open subsets in X Σ(∆) , and a birational transformation among them that is a toric Atiyah flip. Since these two varieties are naturally embedded in Y ± , we conclude that the map ψ is locally a toric Atiyah flip.
Condition (3) of Definition 5.1 is now easy to check: we have seen that ϕ ± are elementary, and Y − (resp. Y + ) restricts to O(1) on the fibers of ϕ − (resp. ϕ + ). Since, by Remark
We may finally apply Theorem 5.7, to get the following:
Corollary 5.12. Let (X, L) be a polarized pair supporting an H-action of bandwidth two, equalized at the sink Y −1 and source Y 1 , which are both positive dimensional. Assume moreover that ρ X = 1, that there exists an inner fixed point component, and that the vector bundles N ∨ Y±1/X ⊗ L are semiample. Then X is uniquely determined by (Y ±1 , N Y±1/X ).
Proof. Let α : X → X be the blowup of X along Y −1 ∪ Y 1 ; then, by Lemma 5.9 the induced H-action is a bordism Y − −→ X ←− Y + , which, by Proposition 5.11 satisfies the assumptions of Theorem 5.7. It follows that X is uniquely determined by the Atiyah flip (
; since ρ Y± = 2, the flip is uniquely determined by (Y ±1 , N Y±1/X ).
5.2.
Examples: bandwidth two varieties and short gradings. In this section we will present some examples of polarized varieties supporting an action of H = C * of bandwidth two, that is equalized at the sink and source. Our examples will be adjoint varieties of semisimple algebraic groups, and we will show, by using the machinery developed in the previous Section, that those of Picard number one are determined by the sink and the source of the action, together with their normal bundles.
Given a simple algebraic group G, its associated adjoint variety is, by definition, the minimal orbit of the (Grothendieck) projectivization of the dual of the adjoint representation P(g ∨ ). Let us denote it by X ad = G/P , where P is the parabolic subgroup associated to the choice of a set of nodes I ⊂ D of the Dynkin diagram D of G; more precisely, I = {1, n} in the case in which G is of type A n , and I consists of a unique root in the rest of the cases: Table 1 . Adjoint varieties of simple Lie algebras.
We will denote by L ad the restriction to X ad ⊂ P(g ∨ ) of the tautological bundle O P(g ∨ ) (1). This is the ample generator of the Picard group of X ad in all the cases of Picard number one, with the exception of C m (1) P 2m−1 , for which L ad O P 2m−1 (2), and it is equal to O P(T P m ) (1) in the case of A m (1, m) P(T P m ).
In this section we will show how to define H-actions with prefixed bandwidth on adjoint varieties, by looking at the geometry of the polytope of roots of the algebra, and describe completely the H-actions of bandwidth two. In particular, we will give the geometric description of some of these actions in the cases of classical type. We will not discuss the well known case of P n = P(V ), on which bandwidth two actions are determined by the choice of a decomposition V = V − ⊕ V 0 ⊕ V + , and the choice of three characters m − , m 0 , m + whose sum is zero. In particular, we may assume that the identity component of the automorphism group of the adjoint variety X ad is equal to the adjoint group G ad , associated to the Lie algebra g (cf. [1, Theorem 2, p. 75]).
Given a nontrivial action of H on X ad , we may always substitute H by the image of the homomorphism H → Aut(X ad ), and assume that the action of H is faithful, given by a monomorphism H → G ad , and set G := G ad .
First of all, we complete H to a maximal torus T ⊂ G, consider the corresponding Cartan decomposition of g with respect to T , and choose a base of positive simple roots of g. Following [7, Lemma 3.12] , the set of points of X ad = G/P fixed by T , is equal to {wP, w ∈ W }, where W denotes the Weyl group of G. On the other hand we may locate these points among the fixed points of the projectivization of the adjoint representation (which can be read out of the adjoint representation of g). Since G/P is the orbit in P(g ∨ ) of the class of a highest weight vector of the adjoint representation (cf. [11, Claim 23 .52]), it follows that the fixed points of the action of T on X ad are in one to one correspondence with the long roots of g. Moreover the weight of the action on the restriction of L ad to the fixed point corresponding to a long root β is −β. In particular the weights of the action of H on X ad can be then computed by looking at the image of these roots by the induced map on the lattices of characters:
To give such a map is equivalent to give a Z-grading on the Lie algebra g. An account on these gradings can be found in [21, Section 2.3] . They are determined by the choice of a simple root α j , i.e., of an index j ∈ D; moreover, since we want the H-action to be nontrivial on the adjoint variety X ad , j must be chosen outside of the set I defining the parabolic subgroup P . Then the corresponding Z-grading is given by:
where g m is the direct sum of the eigenspaces g β , with β being a root containing α j as a summand with multiplicity m, and h is the Lie algebra of T . It is then known that g := h ⊕ g 0 is a Lie subalgebra of g, and every g m is a g -module.
The associated H-action on g is defined by associating the weight −m to the subspace g m , m ∈ Z \ {0}, and 0 to the subspace g .
Remark 5.13. By construction, the induced action on P(g ∨ ) leaves X ad invariant, and the restriction of this action to X ad has fixed point components:
Moreover, the subgroup G ⊂ G defined by having Lie algebra g ⊂ g, acts via the adjoint representation of G transitively on every fixed component Y m , m = 0, and Y 0 . In other words, these varieties are rational homogeneous quotients of G , obtained as closed G -orbits in the representations P(g ∨ m ), m = 0, and P(g ), respectively. In particular Y −m and Y m will be isomorphic rational homogeneous manifolds for every m = 0. Furthermore, denoting by M the maximal value of m, so that the bandwidth of the H-action on (X ad , L ad ) is 2M , one can assert that the varieties Y M and Y −M are given by the marking of the Dynkin diagram of g in the nodes of I. On the other hand, whenever g contains a long root of g, the subvariety Y 0 will be the adjoint variety of the Lie algebra g . Otherwise, it is empty (this will be the case in which g is of type C m ). Note that the Dynkin diagram of g , which is obtained by deleting the node j on the Dynkin diagram of g, is not necessarily connected; if it is not, then Y 0 will consist of the union of more than one irreducible component (this will be the case in which g is of type A m ).
We note now the following property of the fixed point components of the Hactions on adjoint varieties, that we will use later on.
Lemma 5.14. Let Y m ⊂ X ad ⊂ P(g ∨ ) be a fixed point component as above, and denote by L ad the restriction of the hyperplane line bundle on P(g ∨ ). Then N ∨ Ym/X ad ⊗ L ad is globally generated.
Proof. It is enough to note that the inclusions:
provide an inclusion: N Ym/X ad → (N P(g ∨ m )/P(g ∨ ) ) |Ym O(1) ⊕(dim g−dim gm) . We will now focus on the case in which M = 1, so that the bandwidth of the H-action on the polarized pair (X ad , L ad ) will be equal to two. Let us now describe concretely the examples of bandwidth two actions on adjoint varieties:
Proposition 5.15. Let X ad be the adjoint variety associated to a simple Lie algebra g, and assume that X ad is not a projective space. Then the faithful H-actions of bandwidth two on X ad are in 1-1 correspondence with the short Z-gradings on g, that is, the gradings whose only weights are −1, 0, 1.
The complete list of the adjoint varieties admitting a faithful H-action of bandwidth two, that can be read out of the list of short gradings in simple Lie algebras (cf. [21, p. 42] ), is provided in Tables 2, and 3. Table 2 . Bandwidth two H-actions associated to short gradings for the exceptional Lie algebras. Table 3 . Bandwidth two H-actions associated to short gradings for the Lie algebras of classical type.
Remark 5.16. In the language of [6, Section 2.5], the choice of a short grading corresponds to a particular case of downgrading, namely to a projection of the root polytope of the group G onto a line which sends all the vertices to three points, associated to sink, source and central components.
A remarkable feature of these bandwidth two actions is that they are completely determined by their sink and source. More concretely:
Corollary 5.17. Let (X, L) be a polarized pair supporting an action of H = C * of bandwidth two, equalized at the sink Y −1 and the source Y 1 . Assume moreover that ρ X = 1, that X has at least one inner fixed point component, and that Y ±1 are isomorphic to one of the following rational homogeneous varieties:
Then X is, respectively, isomorphic to the adjoint variety X ad :
provided that N Y±/X is isomorphic to N Y±/X ad . Moreover the isomorphism is an H-isomorphism of the pairs (X, L) and (X ad , L ad ).
Proof. Since ρ X = 1 and, by Lemma 5.8, L has degree 1 on H-invariant curves with source or sink on an inner component, then L is the ample generator of Pic(X). Moreover, its restriction to Y ±1 generates Pic(Y ±1 ), by Lemma 2.9. In particular L |Y±1 L ad |Y±1 and using Lemma 5.14 we know that N ∨ Y±1/X ⊗ L is globally generated, hence applying Corollary 5.12 the variety X is uniquely determined by (Y ±1 , N Y±1/X ).
In the cases in which G is of classical type, the examples of short gradings, and of the corresponding fixed point components, admit some projective descriptions, that we include below.
Example 5.18. Let V be a complex vector space of dimension n + 2, and let P(V ) be its Grothendieck projectivization. We will consider the manifold X ad := P(T P(V ) ), that we will identify with the closed subset: P(T P(V ) ) = {(P, H) ∈ P(V ) × P(V ∨ )| and P ∈ H} ⊂ P(V ) × P(V ∨ ).
In order to define a bandwidth two H action on X ad we consider a decomposition:
and an H-action on V defined as:
The corresponding actions on P(V ) and P(V ∨ ) have two fixed point components,
. Now we consider the induced action on X ad , that has precisely four fixed point components:
, Y 0,− := P(T P(V−) ), Y 0,+ := P(T P(V+) ),
It is a straightforward computation to check that the H-action extends to the tautological line bundle O(1), and one may compute the weights of the action on the restriction of O(1) to Y −1 , Y 0,− , Y 0,+ , Y 1 , obtaining the values −1, 0, 0, 1, respectively. For instance: the restriction of O(1) to Y −1 is equal to the tensor product of the tautological line bundles O P(V−) (1) ⊗ O P(V ∨ + ) (1); since the weight of the H-action on O P(V−) (1) is equal to zero, and the weight of the H-action on O P(V ∨ + ) (1) is equal to −1, it follows that the weight of the H-action on O Y−1 (1) is equal to −1.
Example 5.19. We consider now the cases of type B and D, whose corresponding adjoint varieties X ad are quadric Grassmannians, parametrizing lines contained in smooth quadrics.
We start with of an (n + 2)-dimensional smooth quadric Q n+2 ⊂ P n+3 = P(V ), and define an action of H on Q n+2 as follows: choose two points P ± ∈ Q n+2 satisfying that the line joining them is not contained in Q n+2 ; denote by T ± ⊂ P n+3 the projective tangent spaces of Q n+2 at P ± . Their common intersection with Q n+2 is a smooth quadric Q n of dimension n. Choose a set of homogeneous coordinates (x 0 : x 1 : x 2 : · · · : x n+3 ) satisfying that P − = (1 : 0 : 0 : · · · : 0), P + = (0 : 1 : 0 : · · · : 0), and T + T − are given by the equations x 1 = 0, and x 0 = 0, respectively. We then consider the action on P n+3 given by:
t(x 0 : x 1 : · · · : x n+3 ) := (t −1 x 0 : tx 1 : x 2 : · · · : x n+3 ), t ∈ H, which leaves invariant the quadric Q n+2 , by construction. It has bandwidth two, and fixed point sets {P − }, Q n , and {P + }. Its 1-dimensional orbits are open sets either in the lines joining P ± with Q n , or in smooth conics passing by P − and P + . Now we consider the induced action of H on the adjoint variety X ad , which is the (2n + 1)-dimensional quadric Grassmannian of lines in Q n+2 . This action is of course the restriction of the induced action on the projectivization of 2 V , which has three fixed subspaces, corresponding to weights −1, 0, 1. The intersection of these spaces with X ad are the fixed point components of the H-action on X ad :
Note that, identifying every line of Y ± with its intersection with Q n , we get isomorphisms Y ±1 Q n , while the central component Y 0 is the quadric Grasmmannian of lines in the quadric Q n .
Example 5.20. Quadric Grassmannians of lines on a quadric of even dimension admit yet another H-action of bandwidth two, that we will describe here.
Let n + 2 = 2m be an even positive integer, and Q n+2 ⊂ P n+3 = P(V ) be a smooth (n + 2)-dimensional quadric. We take two disjoint projective spaces of maximal dimension P m ± ⊂ P m+2 , and homogeneous coordinates (x 0 : · · · : x n+3 ) in P n+3 such that Q n+2 , P m − and P m + are given, respectively, by the equations:
x i x m+i+1 = 0), (x m+1 = · · · = x n+3 = 0), (x 0 = · · · = x m = 0).
We consider the H-action on P n+3 given by:
t(x 0 : · · · : x m : x m+1 : · · · : x n+3 ) = (x 0 : · · · : x m : tx m+1 : · · · : tx n+3 ), which clearly leaves Q n+2 invariant. Its fixed point components are obviously P m ± . As in the previous example, we consider the induced action on the Grassmannian of lines in Q n+2 , X ad ⊂ P( 2 V ). By twisting the action with a character, we may assume that the weights are −1, 0, 1, corresponding to fixed point components:
In order to describe Y 0 , we note first that it is naturally embedded in P m − × P m + . Moreover, given a point P − ∈ P m − , the intersection of the tangent hyperplane to Q n+2 at P − meets P m + in a hyperplane ρ(P − ) ∈ P m∨ + , then this correspondence defines an isomorphism ρ : P m − → P m∨ + , so that
By means of this correspondence one may then easily show that Y 0 is isomorphic to P(T P m − ), and to P(T P m + ).
Bandwidth three actions and Cremona transformations
In this section we consider the case of a smooth variety X together with ample line bundle L, and an equalized action of H = C * on the pair (X, L), such that the bandwidth of the action is equal to three. We assume that the action is normalized and we will denote the sink and the source of the action by Y 0 , Y 3 .
We will focus on the case in which Y 0 , Y 3 are isolated points; in order to understand its importance, let us recall the following result from [19] : Theorem 6.1. [19, Theorem 3.5] Let (X, L) be a polarized pair with an equalized C * -action of bandwidth three, such that its sink and source are isolated points, and assume dim X = n ≥ 3. Then one of the following holds: This statement was there used to classify contact Fano manifolds of Picard number one and dimensions 11 and 13 satisfying certain assumptions (cf. [19, Theorem 5.3] ). In order to extend this way of approaching LeBrun-Salamon conjecture to higher dimensions, one needs to classify the varieties appearing in case (3) of the above Theorem. We will fulfill here this task by using the birational machinery developed in the preceding sections. The applications of this result to LeBrun-Salamon conjecture will be the goal of a forthcoming paper.
6.1. Cremona and Severi. Let us assume, from now on, that (X, L) is a polarized pair as in Theorem 6.1, case (3) . Note first that there are exactly two inner fixed point components, on which the normalized linearization of the action has weights 1 and 2; let us denote them by Y 1 , Y 2 , respectively. We will set:
We denote an orbit and its closure in X by using the same letter. Being the action equalized, by Remark 2.13 the closures of all orbits are smooth rational curves. We recall that, by Lemma 2.12, since the action is equalized, the intersection of the line bundle L with each orbit is obtained as the difference between the value of the linearization at the source and at the sink of the orbit. In the following graph the intersection with L is presented as the subscript at each of the letters.
The closure of a general orbit C 3 , which is of degree 3 with respect to L, can degenerate, as a curve in X, to the 1-cycles
Let us denote by ϕ : X → X the blowup of X along Y 0 , Y 3 , by Y − , Y + the corresponding exceptional divisors, which are isomorphic to P n−1 , and set Figure 1 ). As in Lemma 3.10 the C * -action on X lifts up to a B-type H-action on X , whose sink and source are Y − , Y + and we have a birational map
The main result of this subsection is the following: Theorem 6.2. Let (X, L) be a polarized pair which satisfies Theorem 6.1 (3) . Then the birational maps ψ and ψ −1 are special Cremona transformations defined by linear systems of quadrics. In particular, m = 2, 3, 5, 9 and the centers of the transformations are projectively equivalent to a Severi variety in P 3m−1 .
Let us start by showing that the birational map ψ can be extended to Y − \ Z 1 − . Lemma 6.3. We have ν + (Y 1 ) = ν − (Y 2 ) = 1, and there exist isomorphisms
Moreover, the exceptional locus of the map ψ : Y − Y + is equal to Z 1 − and the exceptional locus of ψ −1 is equal to Z 2 + .
Proof. The first part of the statement may be obtained from [19, Lemma 2.9 (3)] or, alternatively in our setting, as follows. Note first that ν + (Y 1 ) = 1; otherwise, the family of closures of orbits A 1 passing by Y 0 and a given point of Y 1 would be positive dimensional, and we would get a contradiction with the fact that these curves have degree one with respect to L by means of the Bend and Break lemma (see [9, Proposition 3.2] ).
Since ν + (Y 1 ) = 1, Theorem 2.8 (2) tells us that X + (
Their intersection is then an H-principal bundle over Y 1 and Z 1 − , and so, quotienting by the action of H, the isomorphism
) is a P 1 -bundle, that can be seen as the Grothendieck projectivization of the pushforward to Y 1 of the unisecant divisor L. The fact that Z 1 − and Y 1 are two disjoint sections of this P 1 -bundle provides the isomorphism X + (Y 1 ) P(O Y1 ⊕ O Y1 (L)) by standard arguments. The other two isomorphisms regarding Y 2 are analogous.
For the second part, we need to prove that the birational map ψ can be extended
There exists a unique invariant 1-cycle Γ of L-degree 3 passing by x 0 , constructed as follows: let O be unique 1-dimensional orbit converging to x 0 at ∞, and let x 2 be its limit at zero; since Since this limit does not depend on the choice of the curve γ, it follows that the map ψ extends to x 0 . This finishes the proof. Set U 1 := X + (Y 1 ), U 2 := X − (Y 2 ), and recall that, by Lemma 6.3, we have isomorphisms U i P(O Yi ⊕ O Yi (L)), for i = 1, 2.
Proposition 6.4. The variety X is birationally equivalent to a P 1 -bundle. More concretely, the blowup of X along U 1 and U 2 admits a birational contraction onto a P 1 -bundle over the blowup
Denote by α : X → X the blowup of X along U 1 and U 2 , with exceptional divisors U 1 and U 2 . Denote by Y − and Y + the strict transforms of the divisors Y − and Y + (see Figure 2 ). Note that U 1 intersect Y − transversally along a variety isomorphic to Y 1 (see Lemma 6.3). Hence the divisor U 1 is a P 1 -bundle over U 1 ∩ Y − , which is the exceptional divisor of the blowup of Y − along the variety Z 1 − Y 1 . An analogous statement holds for U 2 . Now we will consider the closures A i , B i , C i of the orbits of the H-action in X, introduced at the beginning of the section, and denote their strict transforms into X by the same symbols. By Corollary 2.17, we have N A1/X O(1) 2m−2 ⊕ O m+1 , hence, by looking at the differential of ϕ : X → X, we get N A1/X O 2m−2 ⊕ O(−1) m+1 . Moreover from the sequence
O P 1 (−1) m+1 . Denote by A 1 and B 1 the minimal sections of U 1 and U 2 over curves of type A 1 and B 1 ; one can easily compute that U 1 · A 1 = U 2 · B 1 = K X · A 1 = K X · B 1 = −1. By Nakano contractibility criterion (see [3, Theorem 3.2.8] ) there exists a smooth blowup ϕ : X → X contracting the curves of type A 1 and B 1 whose exceptional divisors are U 1 and U 2 .
Let us denote the strict transforms in X of the closure of orbits different from A 1 and B 1 by adding a prime. The orbit graph is the same as the graph (5) and, being the action equalized, by Corollary 2.15, we have the following numerical equivalences of cycles:
The closure of the orbits in X are the images of the 1-cycles C 3 , B 2 , A 2 and C 1 which, by formula (6) , are all numerically equivalent, since A 1 and B 1 are contracted by ϕ . In particular, the induced H-action on X is a bordism of rank zero. Denoting again by Y − and Y + the images via ϕ of Y − and Y + , we can use Lemma 3.15 to get that X is a H-equivariant P 1 -bundle over Y − . Finally, since in a similar way we get that X is a P 1 -bundle over Y + , we conclude that Y − is isomorphic to Y + , by means of an isomorphism that identifies the sink and the source of the 1-dimensional orbits of the induced H-action. Hence, by the way in which ψ has been defined, we get the commutativity of the diagram in the statement.
Identifying Y − and Y + with P n−1 , the birational map ψ is given by a linear system whose base scheme is supported on Z 1 − . Since we have shown that ψ is resolved by a single blowup along Z 1 − , it follows that the base scheme of the system is Z 1 − with the reduced structure. A similar statement holds for ψ −1 , so we may conclude that: Theorem 6.6. Let F : P N P N be a birational transformation, satisfying that its base locus scheme Z is a connected nonempty smooth subvariety. Assume that F and its inverse are both defined by linear systems of quadrics. Then Z ⊂ P N is a projectively equivalent to a Severi variety:
(1) Z v 2 (P 2 ) ⊂ P 5 (dim(Z) = 2, Veronese surface);
(2) Z P 2 × P 2 ⊂ P 8 (dim(Z) = 4, Segre variety);
(3) Z G(1, 5) ⊂ P 14 (dim(Z) = 8, Grassmann variety); (4) Z E 6 (1) ⊂ P 26 (dim(Z) = 16, Cartan variety).
We may now conclude the proof of Theorem 6.2. Let us identify Y − and Y + with P n−1 , and denote by Y := Y − Y + the common resolution of ψ and ψ −1 , obtained by blowing up the exceptional loci Z 1 − , Z 2 + : Y g | | f " " P n−1 P n−1 Denote by H 1 (resp. H 2 ) the line bundle g * O P n−1 (1) (resp. f * O P n−1 (1)) and by E 1 the exceptional divisor of g.
Proof of Theorem 6.2. By Corollary 6.5 the map ψ is a special Cremona transformation. Denote by (m 1 , m 2 ) its type, i.e., m 1 and m 2 are the degrees of the linear systems defining ψ and ψ −1 , respectively. Then (see [10, 
In particular the strict transform˜ of a m 1 -secant line to Z 1 − is contracted by f . Since f is an elementary contraction and H 1 ·˜ = 1 the numerical class of˜ generates the extremal ray contracted by f , which has length equal to the codimension of Z 2 + Y 2 (cf. Lemma 6.3) in P n−1 minus one, i.e., to n − 1 − (2m − 2) − 1 = m. On the other hand, computing the anticanonical bundle of Y we get that
which implies that m 1 = 2. Repeating the argument with ψ −1 we get also that m 2 = 2, and we conclude by Theorem 6.6. 6.2. Bandwidth three varieties with Severi inner components. In this section we will complete the the classification of the polarized pairs admitting an equalized H-action of bandwidth three with isolated extremal fixed points (see Theorem 6.1). We will start by proving the following: Proposition 6.7. Let (X, L) be a polarized pair as in Theorem 6.1 (3). Set n := 3m, m ≥ 1. Then m = 2, 3, 5, 9 and, for each m the variety X is unique.
We will use here the notation introduced in subsection 6.1. In particular Y 0 and Y 3 will be the extremal fixed points of the H-action, and Y 1 , Y 2 the correspondent inner fixed point components, which are isomorphic Severi varieties by Theorem 6.2. From the same theorem, we know that dim X = 3m, m = 2, 3, 5, 9, and the exceptional divisors Y − , Y + in the blowup X of X along Y 0 , Y 3 are isomorphic to P 3m−1 . The birational maps ψ : Y − Y + and ψ −1 can be resolved by blowing up the base schemes Z 1 − ⊂ Y − , and Z 2 + ⊂ Y + , which by Lemma 6.3 are isomorphic to Y 1 , Y 2 , which, as we said above, are Severi varieties of dimension 2m − 2. The common resolution is denoted by Y .
Let us denote by H 1 and H 2 the pullbacks to Y of the hyperplane line bundles via the two blowups. Since the two contractions of Y are blowups of smooth varieties of dimension 2m − 2 we have
Proof of Proposition 6.7. In the proof of Proposition 6.4 we have shown that X is birationally equivalent to a P 1 -bundle X , by means of a precise sequence of smooth blowups and blowdowns (see Figure 2 ):
The P 1 -bundle X constructed in Proposition 6.4 can be described as the projectivization of the rank two vector bundle:
The extremal rays of Y − Y are generated by the class [C α ] of a minimal curve contracted by α and by the class [C s ] of a strict transform of a (bi)secant line of
On the other hand, since
This shows that X , and consequently X, is uniquely determined by the resolution of the Cremona transformation ψ, for a choice of the fixed components Y 1 and Y 2 among the varieties listed in Theorem 6.6. Theorem 6.8. Let (X, L) be a polarized pair as in Theorem 6.1 (3) . Then X is one of the following rational homogeneous varieties:
LG(2, 5) C 3 (3), G(2, 5) A 5 (3), S 15 D 6 (6), E 7 (7) , and L is the ample generator of the Picard group.
Proof. In view of Theorem 6.1 and Proposition 6.7, it is enough to show that the varieties listed in the statement admit an equalized H-action of bandwidth three with isolated extremal fixed points.
Given one of the varieties above, we write it as G/P , where G is a semisimple group of type C 3 , A 5 , D 6 or E 7 , and use the notation introduced in subsection 2.4. We consider the action of a maximal torus T ⊂ P on G/P , whose fixed points are known to be the elements of the form wP , w ∈ W (see [7, Lemma 3.12] ). We can see G/P as the minimal orbit of a projective representation P(H 0 (G/P, L i )), where L i is the homogeneous ample line bundle associated with the fundamental weight λ i (i = 3, 3, 6, 7, respectively), cf. [11, Claim 23 .52], and then the fixed points correspond to the T -invariant subspaces H 0 (G/P, L i ) wλi associated with the weights wλ i ∈ M(T ). On the other hand, we have a weight decomposition of the action of T on the tangent bundle at each of these points:
Now we consider, in each case, the 1-parameter subgroup µ i : H = C * → T given by µ i (λ j ) = δ ij , for every j. It is then a straightforward computation (that one can perform with SageMath, for instance) to check that the induced H-action satisfies the required properties.
Appendix A. Toric geometry: Atiyah flips and bordisms
In this Appendix we work out the toric case of the bordism discussed in Section 5. We use the language of toric geometry as, for example, in [8] . In particular, our notation is consistent with that book. In the first subsection we briefly recall what has been done in a greater generality by Reid, [17] , see also [24, Lect. 3] . Subsection A.2 explains ideas of cobordism by Morelli, [15] , and W lodarczyk, [25] . Both subsections serve as preparation to A.3 where we construct the toric bordism.
A.1. Atiyah flip, toric case. Let us fix a triple of integers (r, s, n) with r, s ≥ 1 and q := n − 1 − r − s ≥ 0. Take a lattice N of rank n + 1 generated by e 0 , . . . , e r , f 0 , . . . , f s , h 1 , . . . , h q , that is
By ∆ ⊂ N R := N ⊗ Z R we denote the convex cone generated by the basis, that is ∆ = Cone(e i , f j , h k ), with i = 0, . . . , r, j = 0, . . . , s, k = 1, . . . , q. We also define:
with i, j, k as above, so that ∆ = δ − + δ + + δ 0 . We define, for i = 0, . . . , r and j = 0, . . . , s, the distinguished facets of ∆: δ i − := Cone(e m : m = i) + δ − + δ 0 , and δ j + := Cone(f m : m = j) + δ + + δ 0 . We take v := i e i − j f j and consider the quotient lattice N := N/Zv of rank n. We denote by ∆ the image of ∆ under the projection N → N . By abuse, we denote by the same names the classes of e i 's, f j 's and h k 's in N , as well as the cones δ's defined above.
The cone ∆ has two regular triangulations Σ − and Σ + in which the cones of maximal dimensions are, respectively: Σ + (n) = {δ j + : j = 0, . . . , s}, and Σ − (n) = {δ i − : i = 0, . . . , r}. The resulting two toric varieties of dimension n are smooth and we denote them by X Σ+ and X Σ− , respectively. Below, whenever the statement concerns both fans or the associated toric varieties, we will write Σ ± and X Σ± , respectively.
Remark A.1. We note that the two subdivisions
are trivial on the boundary of ∆ . Therefore, if a fan Σ − in N contains a subfan with maximal cones δ i − and support ∆ then it can be modified to a fan Σ + which contains subdivision of ∆ by cones δ j + . If Σ(∆ ) is the fan of faces of ∆ , then we have birational contractions which come from these subdivisions
Their exceptional sets are V (δ − ) P r × C q and V (δ + ) P s × C q , respectively, where we use the standard notation introduced in [8] for V (δ ± ) to denote the closure of the orbit associated to δ ± , whose fan is the star of δ ± . Moreover, the above contractions restricted to V (δ ± ) are the projections to C q = V (δ − + δ + ). Indeed, the star of the cone δ + ∈ Σ + consists of maximal cones of type δ j + × δ 0 which yields the fan of P s × C q . A similar statement follows for δ − .
On the other hand, the relation i e i − f j = 0 in N tells that on X Σ+ the line bundle associated to any divisor V (R ≥0 ·e i ) is O(−1) on fibers of the projection P s × C q = V (δ + ) → C q while any divisor V (R ≥0 · f j ) is associated to O(1). In fact, V ((R ≥0 ·f j )+δ 0 ) is a hyperplane in V (δ + +δ 0 ) P s and V (R ≥0 ·e i )+V (R ≥0 ·f j ) is a principal divisor on X Σ+ . Moreover, V (δ + ) is the complete intersection of divisors V (R ≥0 · e i ) hence the normal to V (δ + ) in X Σ+ , restricted to V (δ + + δ 0 ) P s is (8) (
Similarly, on X Σ− the line bundle associated to the divisor V (R ≥0 · e i ) is O(1) on fibers of the projection
. We will denote the respective line bundles on varieties X Σ± by O Σ± (1) and O Σ± (−1). We note that Pic(
Definition A.2. The birational transformation defined above
will be called toric Atiyah flip of type (r, s, n), or Atiyah flop if r = s. The morphism X Σ− → X Σ(∆ ) will be called a toric small contraction of Atiyah type (r, s, n). The flip is an isomorphism outside the exceptional loci of these contractions, that is V (δ − ) and V (δ + ), respectively; the cones δ ± and the varieties V (δ ± ) will be called the centers of the flip.
Since the flip is an isomorphism in codimension 1, the corresponding strict transform defines an isomorphism between the divisors class groups of X Σ± , under which O Σ− (−1) is sent to O Σ+ (1).
The Atiyah flip can be resolved by a single blowup. Namely, in the lattice N we take a vector u = e i = f j and consider the following fan Σ # in N R with support |Σ # | = ∆ and such that: Σ # (n) = {R ≥0 · u + (δ i − ∩ δ j + ) + δ 0 : i = 0, . . . , r, j = 0, . . . , s}.
Then the resulting birational morphisms
are blowdowns, with exceptional divisor V (R ≥0 · u) ⊂ X Σ # , V (R ≥0 · u) P r × P s × C q , which is mapped to V (δ − ) ⊂ X Σ− and V (δ + ) ⊂ X Σ+ , respectively.
A.2. Morelli-W lodarczyk cobordism. We use the notation of the previous subsection. The Atiyah flip can be described in terms of the action of the 1parameter group λ v with v = i e i − j f j on the toric variety X Σ(∆) C n+1 . Then we have a commuting diagram associated to the projection N → N :
Here the solid arrow X Σ(∆) → X Σ(∆ ) is the categorical quotient of affine varieties, while the dashed arrows from X Σ(∆) are good quotients on open subsets X Σ± of this variety. In fact, the fan Σ − in N R which is a division of the cone ∆ determines a subfan Σ − of Σ(∆) so that the projection N → N yields the map of fans Σ − → Σ − , which is bijective on cones. Note that Σ − has cones of dimension ≤ n and Σ − (n) = {δ i − : i = 0, . . . , r} where δ i − are cones in N . The associated morphism of varieties X Σ− → X Σ− is a C * -bundle so that the map is a geometric quotient. The same holds for the fan Σ + for which we take the respective fan Σ + in N , and we get X Σ+ → X Σ+ .
The two quotient morphisms in the upper part of the above diagram
will be called the Morelli-W lodarczyk cobordism associated to the Atiyah flip. A schematic description of the map of fans of the cobordism associated to the classical 3-dimensional flop is presented in the following diagram, with the central tetrahedron representing a section of the 4-dimensional simplicial cone Cone(e 0 , e 1 , f 0 , f 1 ):
where the splitting is given by taking e 1 , . . . , e r , f 0 , . . . , f s as the basis of N , then the supports | Σ ± | are graphs of functions 0 ± : |∆ | → R defined by the projection on R · v, which are linear on cones in the respective fan Σ ± and such that 0 ± (e 0 ) = 1 and 0 ± on all f j 's and the other e i 's is zero. In the language of [8] , the function 0 ± is the supporting function of the divisor −V (R ≥0 · e 0 ) on the respective fan Σ ± , see [8, Sect. 4.2] . Since the divisor −V (R ≥0 · e 0 ) is associated to O Σ− (1) on X Σ− , and O Σ+ (−1) on X Σ+ , the respective morphism X Σ± → X Σ± is a C * -bundle associated to each of these line bundles.
Finally, we note that Morelli, [15] , in the toric case and W lodarczyk, in general, introduced the notion of birational cobordism, see [25, Def. 3] , which encompasses the construction explained above.
A.3. Toric bordism. The C * -bundle X Σ− → X Σ− can be extended to a line bundle over X Σ− by adding a zero section. This can be done in two ways, depending on the choice of the C * -action which determines the "zero" limits of the action. In toric terms this is described by two fans Σ + − and Σ − − in N R , which are obtained by adding to Σ − a ray generated by −v or v, respectively, so that their sets of cones of maximal dimension are, respectively: where i = 0, . . . , r. Similarly we obtain two fans Σ + + , Σ − + in N R , by adding to Σ + a ray generated by v or −v, respectively: Σ + + (n + 1) = {δ j + + R ≥0 · v}, and Σ − + (n + 1) = {δ j + + R ≥0 · (−v)}, where j = 0, . . . , s.
Lemma A.4. X Σ + ± → X Σ± is the total space of the line bundle O Σ± (1), and X Σ − ± → X Σ± is the total space of O Σ± (−1).
Proof. The claim follows by the above Remark A.3 and the toric description of a line bundle associated to the respective C * -bundle.
Since Σ − ± ∩ Σ + ± = Σ ± , that correspond to the C * -bundles X Σ± → X Σ± , we may observe the following:
Corollary A.5. The fan Σ ± = Σ − ± ∪ Σ + ± defines a P 1 -bundle over X Σ± , isomorphic to π Σ± : P(O ⊕ O Σ± (1)) → X Σ± .
The P 1 -bundle π Σ± has two sections associated to the splitting of the bundle O ⊕ O Σ± (1), whose associated divisors, that we denote by D 0 Σ± , D 1 Σ± ⊂ X Σ± have normal bundles O Σ± (1) and O Σ± (−1), respectively. In toric terms we may describe them as:
) ⊂ X Σ+ , and these divisors are the components of the fixed point locus of the action of the 1-parameter group λ v . Now let us deal with the fan Σ − and the P 1 -bundle π Σ− : X Σ− → X Σ− .
By construction δ − + R ≥0 · v = Cone(f 0 , . . . , f s , v) ∈ Σ − , and the star of the cone δ − + R ≥0 · v in Σ − contains the cones δ i − + R ≥0 · v for i = 0, . . . , r. Thus V (Cone(f 0 , . . . , f s , v)) P r × C q ⊂ D 1 Σ− . Since in the lattice N we have the relation f 0 + · · · + f s + v = e 0 + · · · + e r , we are in the situation of Section A.1 and we may conclude the following:
Lemma A.6. The cone ∆ + R ≥0 · v admits the following two regular triangulations in N R which are trivial on the boundary of this cone:
Let us now set: Σ := Σ + − ∪ Σ(∆) ∪ Σ + + , which is a fan in N R , and consider the corresponding toric variety:
Proposition A.7. The variety X Σ admits the action of a 1-parameter group λ v , with sink and source being X Σ− and X Σ+ , and the only inner fixed point component being V (δ − + δ + ) C q . Moreover, the variety X Σ admits two λ v -equivariant Atiyah flips
Proof. The two triangulations of the cone ∆ + R ≥0 · v provide a toric Atiyah flip of type (r, s + 1, n + 1) of the variety X Σ − − centered at V (δ − + R ≥0 · v). By Remark A.1, since Σ − = Σ + − ∪ Σ − − , we may extend it to a toric Atiyah flip of X Σ− and the first part of the statement follows.
The fixed point locus of the action of λ v can be computed by looking at its restriction to each of the three torus invariant covering sets. The varieties X Σ + − and X Σ + + are total spaces of line bundles on which λ v acts by homotheties. Therefore their fixed point components, which will be the sink and the source of the action on X Σ , are the zero sections of the bundles, which are isomorphic to X Σ− and X Σ+ , respectively. The third covering set is the affine space V (∆) on which the statement about the only inner fixed point component can be verified easily. In view of Corollary A.5, the last statement is the content of Lemma A.6 applied for Σ − (and its counterpart for Σ + ) which is the following:
Thus we have the following diagram, equivariant with respect to the action of λ v , which is built upon the Atiyah flip X Σ− X Σ+ :
where the central dashed two-end arrow is the Atiyah flip, and the rational maps in the upper part come from the Morelli-W lodarczyk cobordism coming from the action of λ v . The hooked arrows are embeddings, and the only upward arrows are projections of line bundles which, on the intersection X Σ + ± ∩ X Σ(∆) = X Σ± are the quotients in the upper part of the diagram.
Definition A.8. The above λ v -equivariant embeddings X Σ− X Σ X Σ+ will be called the toric bordism, or associated to the toric Atiyah flip.
We now define a line bundle L over X Σ which is associated to the sum of the λ v -invariant divisors V (R ≥0 · v) + V (R ≥0 · (−v)). We note that the variety X Σ is not complete, and so Definition 2.11 does not apply. Nevertheless we may still claim that the pair (X, L), together with the action of λ v , has bandwidth 2, in the following sense:
Lemma A.9. In the above situation, L |XΣ ± = O Σ± (1) and the natural linearization of the action of λ v on L assigns to source and sink the values +1 and −1, and for V (δ − + δ + ) value 0.
Finally, for the convenience of the reader we rephrase the results of this Appendix using the (non-toric) notation of Section 5. We set: Y = X Σ(∆ ) , Y ± = X Σ± , X ± = X Σ± , X ± = X Σ ± , and X = X Σ . 
such that X ± are P 1 -bundles over Y ± .
